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Abstract — Equations of motion governing the deformation of fluid-conveying
beams are derived using the kinematic assumptions of the (a) Euler-Bernoulli
and (b) Timoshenko beam theories. The formulation accounts for geometric
nonlinearity in the von Karman sense and contributions of fluid velocity to the
kinetic energy as well as to the body forces. Finite element models of the resulting
nonlinear equations of motion are also presented.
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1. INTRODUCTION

Fluid-conveying beams are found in many practical applications. They are
encountered, for example, in the form of exhaust pipes in engines, stacks of flue
gases, air-conditioning ducts, pipes carrying fluids (chemicals) in chemical and
power plants, risers in offshore platforms, and tubes in heat exchangers and power
plants. The fluid inside the pipe dynamically interacts with the pipe motion,
possibly causing the pipe to vibrate.

Studies of fluid-conveying pipes have been reported in a number of papers. A
survey of the subject by Paidoussis [1] indicates that more than 200 papers have
been written in the open literature. Here we shall not attempt to review the vast
literature on the dynamics of fluid-conveying pipes, but only cite few early papers
and some recent papers that have direct bearing on the present paper.

1 Author to whom correspondence should be sent. e-mail: jnreddy@shakti.tamu. edu; Tel:
001-979-862-2417; Fax: 001-979-862-3989.



The early contributions to the literature are due to Ashley and Haviland [2],
Feodosyev [3], Housner [4], Benjamin [5], and Naguleswaran and Williams [6].
They all studied flexural vibration of a pipe conveying a fluid. Crandall et al.
[7] and Dimarogonas and Haddad [8] developed the equations of motion of fluid
conveying pipes using the kinematics of the Euler-Bernoulli beam theory.

Paidoussis and his coworkers [9-14] studied dynamics of pipes conveying fluid
using both the Euler—Bernoulli beam theory and the Timoshenko beam theory
(also see [15-20]). Semler, et al. [14] derived a complete set of geometrically
nonlinear equations of motion of fluid conveying pipes. They accounted for large
strains and assumed the kinematics of the Euler-Bernoulli beam theory. The
equations derived in [14] are more complete than seen in most other papers and
account for large strains and rotations (only in kinematic sense and not material
sense). However, they are valid only for the Euler—Bernoulli beams without rotary
inertia and are unduly complicated (and perhaps inconsistent because the stress-
strain relations used do not account for the material density changes) for the
analysis of fluid-conveying pipes, especially when the pipe does not undergo large
deformation.

The present paper presents simple but complete derivation of the equations
of motion of fluid-conveying pipes with small strains but moderate rotations.
Derivations are presented for the Euler—Bernoulli beam theory and the Timoshenko
beam theory and they are based on energy considerations (i.e., using the dynamic
version of the principle of virtual displacements). The geometric nonlinearity in
the von Karman sense is included and contributions of fluid velocity to the kinetic
energy as well as to the body forces are accounted for. The resulting nonlinear
equations agree with those of Semler, et al. [14] for the small strains case, and the
present equations include rotary inertia terms as well as transverse shear strains.
Finite element models of the equations of motion are also developed. Numerical
solutions using the finite element method will be presented in Part 2 of this paper
to bring out the effect of transverse shear deformation in the pipe and fluid velocity
on the transverse motion.

2. THE EULER-BERNOULLI BEAM THEORY
2.1 Displacements and Strains

The Euler-Bernoulli hypothesis requires that plane sections perpendicular to the
axis of the beam before deformation remain (a) plane, (b) rigid (not deform),
and (c) rotate such that they remain perpendicular to the (deformed) axis after
deformation (see Reddy [21-23]). The assumptions amount to neglecting the
Poisson effect and transverse strains. The bending of beams with moderately
large rotations but with small strains can be derived using the displacement field
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where (u, w) are the total displacements along the coordinate directions (z, z), and

u(z, z,t) = up(x,t) — 2 w(z, z,t) = wo(x,t) (2.1)



ug and wqy denote the axial and transverse displacements of a point on the neutral
axis at time t.

Using the nonlinear strain-displacement relations and by omitting the large
strain terms but retaining only the square of dwy/0z (which represents the rotation
of a transverse normal line in the beam), we obtain
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where
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and all other strains are zero.

2.2 Virtual Work

We assume that the beam is hollow and subjected to a transverse distributed
load of g(x,t) along the length of the beam, and suppose that a fluid with velocity
v(t) is being conveyed by the beam. The distributed load may include the weight
of the beam as well as the fluid, and also the hydrostatic pressure if the beam is
submerged in water. The forces on the beam due to the centripetal and tangential
accelerations of the fluid can be accounted for in the potential energy of the loads
(see Fig. 2.1). The fluid velocity v(t) also contributes to the kinetic energy of the
system. Since we are primarily interested in deriving the equations of motion and
the nature of the boundary conditions of the beam that experiences a displacement
field of the form in Eq. (2.1), we will not consider specific geometric or force
boundary conditions here.

Tangential Force: Centripetal Force:
mv

\ Deformed

Radius of curvature, R
Undeformed

V = FIZIZIZICIZIZIZICICIT

Fig. 2.1 An element of fluid-conveying beam in the Euler-Bernoulli beam theory.



The dynamic version of the principle of virtual displacements (i.e. Hamilton’s
principle for deformable bodies) is given by

/OT (68U — 6V) — 6K] dt = 0 (2.3)

where 6U is the virtual work due to internal forces, 6V the virtual work due to
external forces (including those of flowing fluid), and K is the virtual kinetic
energy in the beam as well as the fluid inside the beam. We have

§U = /O - /A e (660 + 266()) dAdx (2.40)
oV = /OL [qéwo — mfv2 862;020 (sin @ dug + cos 6 dwp)
— m 0 (cos 0 dug — sin O 6w0)} dx (2.4d)
5K = /O - /A oy Kuo - z%) (5u0 - Zag;w) + woéw()] dAda
+/OL /Af os [v~6v—|—22 (%) (8(‘;?0)]@4% (2.4¢)

where p, is the mass density of the beam material; p; is the mass density of the
fluid inside the beam; A, and A are the cross-sectional areas of the beam material
and beam fluid passage, respectively; my = prAy; and m;, = p,A, are the mass
densities of the fluid and beam, respectively, per unit lenght; and v is the fluid
velocity vector (see Fig. 2.1)

v = (vcosf + )i+ (—vsind +p)j, 0=——— (2.5)

2.8 Fuler—Lagrange Equations

Substituting for I and 6K from Egs. (2.4a) and (2.4b) into (2.3), we obtain
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(2.6a)
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where all the terms involving [ - ]§' vanish on account of the assumption that all

variations and their derivatives are zero at t = 0 and ¢t = 7', and the variables
introduced in arriving at the last expression are defined as follows:
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f f

Thus, the Euler-Lagrange equations of motion are
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Equations (2.8) and (2.9) represent coupled nonlinear equations among (ug,wyp).

To the authors’ knowledge, this is the first time that the more complete version of

equations of motion for fluid conveying beams are derived systematically for the

case of small strains and moderate rotations.



2.4 Simplified Cases

The well-known equations governing Euler—Bernoulli beams without the fluid
are obtained by setting v = 0 and my = 0 in Egs. (2.8) and (2.9):

ON gy 9%ug
82Mm _ 3 %N +m 62100 7 84w0 .
Ox? or \ ox = P o2 Po2or ¢

(2.11)

where the stress resultants N, and M, are related to the displacements (ug,wp)
by

2
Oug 1 (0w *wy
Moo = Bty | 52+ 3 (G) ] M= Bl (212)
If we assume that § = —0wg/0z is small compared to unity, then cos ~ 1 and

sinf ~ 6, and Egs. (2.8) and (2.9) become (for constant material and geometric
parameters)

(mp + mf) tip +myv — EpAy (ug + wgwg) - mfvwé) (wé) + vwg) =0 (2.13)
(mp + mf) o — (I + ff)tblo/ + mfi)wé) + 2mfmb£) + meng
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" ! "
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where the prime ’ denotes partial differentiation with respect to = and the
superposed dot denotes partial differentiation with respect to time ¢. Most of
the terms in the above equations agree with those derived by Semler, et al.
[14]. The large strain terms and terms due to externally applied tension (7p)
and pressurization (P) are extra in [14]. On the other hand, Semler, et al. [14] do
not account for the rotary inertia term and terms resulting from the approximation
sind ~ 6. It is not clear why the latter is neglected in [14].

By omitting all of the nonlinear terms, we obtain

(mp +my) o + mypi — EpApug =0 (2.15)

(mp + mf) wo — (Ip + 1) +my (f[)wlo + 21)11')6 + v2w3> + E,lywy =q (2.16)

The linearized equation of motion (2.16), without the rotary inertia term, can be
found in the books by Crandall et al. [7] and Dimarogonas and Haddad [8]. They
derived Eq. (2.16) using the Eulerian formulation for the fluid flow and neglecting
the axial component of displacement [hence, Eq. (2.15) is omitted]. The first
term in (2.16) denotes bulk acceleration, the second term denotes the bulk rotary



inertia term, the third term is due to change in flow velocity, the fourth term
is the Coriolis acceleration, and the fifth term is the contribution of centripetal
acceleration. The linearized equations indicate that the axial motion is no longer
damped while the transverse motion is damped by the velocity of the fluid.

3. THE TIMOSHENKO BEAM THEORY
3.1 Displacements and Strains

In the Timoshenko beam theory, the normality condition of the Euler—Bernoulli
hypothesis is relaxed (i.e., the rotation is no longer equal to —Owg/0x; see Fig.
3.1). The rotation of a transverse normal is treated as an independent variable.
Consequently, the transverse shear strain 7., is no longer zero but a constant
through the depth of the beam. The displacement field of the Timoshenko beam
theory is (see Reddy [21])

u(z, z,t) = up(z,t) + z¢(x,t), w(x,z,t) =wo(z,t) (3.1)

where ¢ denotes the rotation of a transverse normal about the y axis.

The nonlinear strain-displacement relations are

Cdup 1 (0w’ A )
€ar = + 5 ( o ) +z <8x =€y + 265, (3.2a)
. 8w0 o
284, = or + O = Yaz (3'2b)
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ou 1 (0w 0P
o _ Y, - (970 L 77
Eqp = o + 5 ( pp ) y €z o (3.2¢)

and all other strains are zero.

Fig. 3.1 Kinematics of the Timoshenko beam theory.



3.2 Virtual Work

The expressions for the total virtual work done and the virtual kinetic energy
in the Timoshenko beam theory are given by

L L
oI1 :/ / xT o © o () zzxz dA _/
o Ia, {o ( Epg T2 sm) + 0227, } dz A qéwo dx
L 2
+ /0 m v aa u;O (sin @ dug + cos 8 dwy) dx

L
+ /0 m 0 (cos 0 dug — sin § dwp) dx (3.3a)

5K = /0 - /A pp [(it0 + 26) (810 + 266) + tindiin] dAda
+ /OL /A pf (V SOV + 22q35¢3) dAdx (3.3b)
f

where v is the fluid velocity vector given in Eq. (2.5).

3.3 Euler—Lagrange Equations

Substituting for I and 6K from Egs. (3.3a) and (3.3b) [with v given by Eq.
(2.5)] into (2.3), we obtain
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(3.4a)
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T 93
+ /0 [Nm&bo + Mmaﬁégb + Qm6w0 + %Nx:c - (Ip + If)%

L
— m v (sin Ot + cos G) (5w0] dt (3.4b)

0

where
Qs = KS/ Orr dA (3.4¢)
Ap

K being the shear correction coefficient. For circular pipes with outer radius a
and inner radius b, the shear correction coefficient is given by (see Cowper [24]

and Wang, et al. [25])

K- 6(1+v)(1 +s)*
TT(T+6v)(145)2 4 (20 4 120)s2’

(3.5)

a

The Euler-Lagrange equations of motion of the Timoshenko beam theory are

_%Q; _ (% (%Nm> + (mp +mf> %

oo (2 BT (G )
+mv? cos 9682;‘;0 — myising = q(3.7)
_ag{cxm +Qut (1, + 1})% —0(3.8)

Equations (3.6)—(3.8) represent coupled nonlinear equations among (ug, wg, ¢), and

they cannot be be found in the literature.

3.4 Simplified Cases

The equations governing Timoshenko beams without the fluid are obtained by

aNm:

setting v = 0 and ms = 0 in Egs. (3.6)—(3.8):
Ox -
owop

(a—me> *

oM A
“Tor Tt

82u0
TP T

9%y
o
¢ _
ot?

0

ox

00,
ox

=0

=0

(3.9)
(3.10)
(3.11)
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where the stress resultants (Nyz, Myz, Q) are known in terms of the displacements
(up, wop, ) by the relations

2
ou 1 (0w 0 ow
Nyz = EpAp 8_; + 5 (8_£CO> ] > My = EpIpa_iv Qm = GpAsz (6_1170 + ¢>
(3.12)
Under the assumption that § = —0wyg/0x is small compared to unity (cos ~ 1

and sinf ~ 0), Egs. (2.22)—(2.24) are reduced to (for constant material and
geometric parameters)

(mp + mf> tig +mypv — EpA, (ug + wé)wé)/) - mfvwé) (wa + vwg) =0 (3.13)
(mp + mf> wo + mfi)w:) + 2mfvu'16 + mfv2w3
—GpA, K (qﬁ/ + wS) - E,A, {wgug + 1.5(w8)2w8 + wéug}
—m v {uow{; + wé) (u’;owg + ua)] =q (3.14)
(Ip+ I1)6 — Eplyd + GpApK, (¢ +wp) =0 (3.15)

The linear equations associated with (3.13)—(3.15) are
(mp +my) g + mypi — By Apug = 0(3.16)
(mp + mf) wo + mfi)wé) + 2mfmb£) + meng — GpA, K (gb/ + wg) =q(3.17)
(p +17)$ — Eyplyd” + GpAp K, (¢ +wy) = 0(3.18)

Most papers on fluid-conveying Timoshenko beams [17-19] do not give the
governing equations but somehow account for various terms in (3.16)—(3.18).

4. FINITE ELEMENT MODELS

4.1 The FEuler—Bernoulli Beam Model

The finite element model of the equations of motion (2.8) and (2.9) can be
constructed using the virtual work statement (2.6a). The virtual work statement
over a typical element (z4,xp) can be written as

B T oy Ooug 1 (Owy 2 0dug  Owp Odwy 0%wo 026wy
O_/O /a:a{EpAp 8x+2<8x>]<8x +8x Ox +EpIp3x2 0x?
. e . . Owg Obwyg
_ (mp + mf) (wpdtg + wodtg) — (Ip + If)% e

— myv [cos 0 61y — (g sin O + g cos 0) 66 — sin B6g] — qdwo

2
+ m v 8611;0 (sin @ dug + cos O bwo) 4+ m 0 (cos O dug — sin O 6w0)}d:cdt
x

(4.1)
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which is equivalent to the following two statements:

- T oy Ooug 1 (Owy 2 0duy

0_/0 /xa {EpAp ox +2<81‘>] ox
2 2

+m v sin 6 <8 wo 07w

T rxy

o:/O /x {EpAp

ovot Vo2
T ray . A A 8@'00 a&wo
+/0 [ra {(mp+mf)w06w0+(fp+ff)

+ (mp + mf) XN

> dup + m v cos 0 dug }dwdt (4.2)

6UQ 1 (911)0 2 611)0 8(511)0 8271)0 82 6w0
— 4+ = E, L, ————— tdxdt
ox + 2 ( 8:1:) ox Ox + 5 ox? Ox? v

dx Ox
+myv {— (t1p sin 6 + g cos 0) % + cos b g?gz 511)()]
+ mfv2 825;0 cos Qdwy — m v sin 6 dwy — q6w0}dxdt (4.3)
We assume finite element approximations of the form (see Reddy [21-23])
ug (e, t) = f:luj(t)%‘(ﬂ?) , wo(x,t) = iﬁj(t)%(fﬁ) (4.4)
j= j=
A1(t) = wo(wa, t), Do(t) = —0(zq,t), Az(t) =wolxp,t), Au(t) = —0(x,1)

(4.5)
and 1j(z) are the linear Lagrange interpolation functions, and ¢;(x) are the
Hermite cubic interpolation functions (see Fig. 4.1).

Substituting Eq. (4.5) for ug(z,t) and wo(x,t), and dug(z) = ;(z) and
dwo(x) = @i(x) (to obtain the ith algebraic equation of the model) into the weak
forms (4.3) and (4.4), we obtain

Mll 0 Al 0 Cl2 Al Kll K12 Al Fl
{0 Mzz]{A2}+[C21 C22]{A2}+{K21 KZQ}{AZ}:{FZ}

(4.6a)
where -
Al =u;, A2=A; (4.6b)
Ay As Q, Qs
A
’ /A‘\\AG /WA\\Qa Qs
A A4 Q—eo—————0O—»0Q,

2 2
g D S
(a) (b)

Fig. 4.1 A typical beam finite element with displacement and force degrees
of freedom.
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fort=1,2and I =1,2,3,4. The element coefficients are

Ty
MY = /x (mp +myg) ity da

b derdey
= I +1
MIJ /ma [(mp+mf> @[goj-i—( + f) . dx
Cl2 = bmfvsin&/%@ dr ~ — bmfv wowz LA
Ta d.CC ZTa

z d T 8 d
—/ bmfoSmGﬂl/J] dxr ~ bmf awo dgpll/Jj dx
Ta a i

doy dor [ dog dor
mvcos@ T e dr ~ mpv | —— vy |dr

Za dr 717 dx
dip; dip;
11 ]
K / EApd:v d:vd

1 /o 0w0 d?ﬁl ngJ 28w0 d ©wJ
~ — E A — — Y ——
2/:Ea l( PP 83:) dr dz Y oz Va2 dr

21 [T dwg dor dy; 2 12
K2 _/ma BpAy St S g K3 = 2K

2
99 [T d? or d2g0J l/xb Owy dordeg
Kir= |, Bz gz @5 [ |\ 50 ) | e e @
T d2
—|—/ bmfv2cos(9g0
ZLa
2
2o d*py L /= Owo \ ™| dordypy
~ E I —/ E,A d
w Dol g 1B\ By ) | e
" odprdeg o dog
/xa mpvt dx + 5 MmO Pl dz
X, X
Fil:— bmfijcosﬁi/)ida:-l-Qi%— bmfi)lbidl“-l-@i
Ta La
Ty Ty N
FI2: i qpr dx — i myvsinfpr dr + Qg
Tp ow
Y i qgoj dzr + mfva—QOI dl‘—f—Q[ (4.7)

for (i,j =1,2) and (I,J = 1,2,3,4); Q; and Q; denote element end contributions
from the extens1onal and bendmg terms, respectively. Note that the coefficient
matrices [K12], [K?!] and [K??] are functions of the unknown wq(z,t). Stiffness
coefficients are also given for the case in which cosf and sin @ are approximated
as cosf ~ 1 and sinf ~ 6.
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4.2 The Timoshenko Beam Model

The finite element model of the Timoshenko beam equations can be constructed
using the virtual work statement in Eq. (3.4a), where the axial force N, the
shear force ();, and bending moment M, are known in terms of the generalized
displacements (ug, wp, ¢) by Eq. (3.12).

The virtual work statement (3.4a) is equivalent to the following three
statements:

o:/OTV:{EpAp%

2 2
—|—/ / [ myp + my)iio —I—mfv81n0< 38;1;0 + g;g;) +mf1)00801 dug dxdt

0UO 1 0w0 2
% 5 (a—> ] } dr — Qf(?uo(xa, t) - Qiéu()(xb? t)] dt

(4.8)
T Bbwg dwp dwo [Oug 1 (Owg\”
0=, [/ma o {GAK<8—+¢>+EApaa: [%*5(%)”“

[ dwoq dr — Q56w (T4, t) — Q5dwo(xy, t)] dt

Taq
T [z 02 2
—i—/o /b{[(mp+mf)wo+mfv20039 8120 + myvcosf
Ta X

wo ..
T m v sin 9] dwg

— myv (sin 0 g + cos 0 ) 82@00 }d:}:dt (4.9)
x

T 26¢ 0 )
:/0 /ma [Efp8¢a¢+GAK6¢<ﬂ+¢> ( +If)¢(5¢]d:cdt

[ Q8 80(a 1) + @4 80 (as. 1) di (4.10)

where dug, dwg, and 6¢ are the virtual displacements. The (¢ have the same
physical meaning as in the Euler-Bernoulli beam element, and their relationship
to the horizontal displacement wg, transverse deflection wg, and rotation ¢ is

Q1(t) = —Nuz(Ta, 1), Qf = Nauz(zp, 1)

e e R S
Q5(t) = — My (24, 1), Q6(t) = My (zp, ) (4.11)

ox

An examination of the virtual work statements (4.10a)—(4.10c) suggests that
uo(z,t), wo(z,t), and ¢(x,t) are the primary variables and therefore must be
carried as nodal degrees of freedom. In general, ug, wg, and ¢ need not be
approximated by polynomials of the same degree. However, the approximations
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should be such that possible deformation modes (i.e. kinematics) are represented
correctly.

Suppose that the displacements are approximated as

- i U?(t)wél)(w), wo(x,t) = i . o(x) = i s;(t)w(i%)
Jj=1 j=1 j=1

(4.12)
where wj(-a) () (o =1,2,3) are Lagrange interpolation functions of degree (m —1),
(n—1), and (p — 1), respectively. At the moment, the values of m, n, and p are
arbitrary, that is, arbitrary degree of polynomial approximations of ug, wg, and ¢
may be used. Substitution of (4.12) for ug, wg, and ¢, and dug = %(1)’ dwy = 1/)2(2),
and 0¢, = ¢(3) into Egs. (4.10a)—(4.10c) yields the finite element model

(3

M 0 0 i 0 C2 0] (u K1 K2 o u
0 M22 0 W + C?l 022 0 W + K21 K22 K23 W
0 0o M3 § 0 0 o0 $ 0 K32 K33 s

Fl
= { F? } (4.13)
F3

Tp
M= [, +I)w<‘°’w3>da:

xp ¢(2 xp Oowy di/)(z
12 _
Cif = mfvsm91/1 . dr ~ /ma mpv—— o 1/1Z d:c

o2 = —a:’ mv sine%f)@” dz ~ :’m Uaaz;o di/z}x oV do
022 / m v cos 0 (1/)(2 ID:) %5)@&;-2)) dx
~ :b myfv (%2)%5) - %%2)) dx

E,A, dwp dwil) dp
2 Oz dx dx

K2 _ / e
A dx?

2
+ mfv2 sin Hw( lb ] dx
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~ Jaa 2 Ox dxr dx 70 T T dg?
(2)
' dyl? 1 (o dwo\ 2 dip'? di;
K = ApK—— E,A i
/ G dr  dr d+2xa pp(dx> i de ™
2
@ ¢
2
+/xa m v Cosﬁw d 5 dx
(2)
dp? dy'? 1 o dwo\? dyp? dip;
N%GAK dx dx d““LE/ EpAp(m) de dr “
e
[ 2d1/1 2)
/wa mpvt— d:z: da:—i—/ mpo;” —— dw
dlb OF
23 _ 32
K / GpAp K™ o) dr = K%
K33_/ Eld‘Z’g)w TSl I
0 dz s T

Tp
P’il = —/w mfv CcoSs QZZJZ(I) dx + QTZDZ(I) (xa) + Qi¢§l) (be)
Tp
AN — mszbl-(l) dz + Qf%(l)(xa) + Qi@bgl)(@"b)

Ta

Tp
F? = [ (q+myising) v do +Qsu (@0) + Q5 ()

a

T
~ [ 0P q dr + Q5P (a) + Q50 (1)

F? = Q5™ (xa) + Qv (a) (4.14)

The choice of the approximation functions %(a) dictates different finite element
models. When all field variables are interpolated with linear functions, the
element is known to experience shear and membrane locking. To avoid shear and
membrane locking (see Reddy [23]), one must use reduced integration to evaluate
the transverse shear coefficients as well as the nonlinear terms.

5. PRELIMINARY NUMERICAL RESULTS
5.1 Static Nonlinear Analysis

First, we present results for the case of geometrically nonlinear analysis to
illustrate the effect of transverse shear deformation on the nonlinear deflections.
We use linear approximation of the axial displacement ug and Hermite cubic
approximation of wgy in the Euler-Bernoulli beam theory. In the Timoshenko
beam theory, linear interpolation of both ug and wy is used. Reduced integration
is used to alleviate the shear and membrane locking (see Reddy [22, 23]).
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In the static nonlinear analysis, solid beams of rectangular section are used
(b=1, L =100, and L/h =10 or L/h = 100). The load parameter (P = qo/Aq)
versus nondimensional deflection (w = wEh3/AqL?3) plots for a clamped-clamped
(i.e., both ends are clamped) beam are shown in Fig. 5.1 (Ag is the load
increment). The beam is loaded with uniformly distributed load of intensity qq.
A mesh of two elements (EBT or TBT elements) in the half beam are used. The
effect of shear deformation is to increase the deflection (i.e., the kinematics of
the Timoshenko beam theory make the beam more flexible). The load parameter
(P = FyL?/EI) versus nondimensional deflection (w/L) plots for a are shown in
Fig. 5.2 for a cantilever beam (two Timoshenko beam elements in the full beam
are used) under a point load Fy at the free end.

5.2 Linear Transient Analysis

Linear transient analysis is presented using a rectangular channel cross-section
beams with the following data (see Fig. 5.3)

B=15x10"%m, H=100x10"3m, b=7x10"m, h=15x10"3m
E=25x10°GPa, G =10"GPa, p, =850 kg/m®, p; =103 kg/m®

Figure 5.3 contains plots of the center deflection versus time for a simply
supported beam under the weight of the beam and fluid but for v = 0, while
Fig. 5.4 contains plots for v = 1 and v = 2. Clearly, the fluid has the effect
of increasing the period of vibration (or reducing the frequency of oscillation).
Additional investigation into the parametric effects of the material density and
fluid density as well as the magnitude of the velocity is warranted. These results
will appear elsewhere.

6. CONCLUDING REMARKS

In this paper the complete set of equations of motion governing fluid-
conveying beams are derived using the dynamic version of the principle of virtual
displacements. Equations for both the Euler-Bernoulli and Timoshenko beam
theories are developed, and they account for the von Karmén nonlinear strains,
rotary inertia, forces due to the flowing fluid in the beam, and kinetic energy of the
flowing fluid. The resulting equations of motion contain all of the terms derived by
others in the literature for the small strain case, but they also contain additional
terms that were neglected. Finite element models of the governing equations of
both theories are also presented. Preliminary numerical results are presented but
more complete set of results will appear in a separate report.

Acknowledgement. The first author gratefully acknowledges the support of
Department of Civil Engineering at the National University of Singapore for his
stay as the Visiting Professor.
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